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A PROOF OF A CONJECTURE ABOUT A SYMMETRIC
SYSTEM OF ORTHOGONAL POLYNOMIALS
K. CASTILLO, M. N. DE JESUS, AND J. PETRONILHO
Abstract. The purpose of this note is to give an affirmative answer to a
conjecture appearing in [Integral Transforms Spec. Funct. 26 (2015) 90–95].
1. Introduction
The following conjecture is one of the open problems collected by C. Berg during
the international symposium on “Orthogonal Polynomials, Special Functions and
Applications” (OPSFA-12), Sousse, Tunisia, March 29, 2013 (see [2, p. 90]):
“We consider the weight w(x) = |x + 12 |/
√
1 + x + |x − 12 |/
√
1− x on
[−1, 1], and claim that there exits a sequence of polynomials {Pn}n≥0
orthogonal with respect to w(x) on [−1, 1] and which fulfils
(1.1)
P0(x) = 1, P1(x) = x
Pn+2(x) = xPn+1(x)− γn+1Pn(x), n ≥ 0
such that
γ1 =
1
2
, γ2 =
1
4
, γ3 =
7
30
, γ4 =
4
15
,
γ3 + γ4 =
1
2
,
γ5 =
1
4
, γ6 =
12
49
, γ7 =
25
98
,
γ6 + γ7 =
1
2
,
γ8 =
1
4
, γ9 =
3187
12870
, γ10 =
1624
6435
,
γ9 + γ10 =
1
2
,
that is to say
γ1 =
1
2
, γ3n+2 =
1
4
, γ3n+3 + γ3n+4 =
1
2
.”(1.2)
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According to information provided in [2], the problem was raised by M. J. Atia (see
also [1, p. 46]), not only in OPSFA-12 but also in OPSFA-10 (Leuven, 2009) and
OPSFA-11 (Madrid, 2011). However, the conjecture is ill-posed because (1.2) does
not necessarily implies
γ3 =
7
30
, γ4 =
4
15
, γ6 =
12
49
, γ7 =
25
98
, γ9 =
3187
12870
, γ10 =
1624
6435
.(1.3)
Proposition 2.1 in below shows that if (1.2) holds, then the associated weight func-
tion is not necessarily given by∣∣x+ 12 ∣∣√
1 + x
+
∣∣x− 12 ∣∣√
1− x , −1 < x < 1 .(1.4)
We thus reformulate the conjecture as follows:
Conjecture 1.1. There is a sequence of positive numbers (γn)n≥1 fulfilling (1.2)
and (1.3) such that the sequence of polynomials (Pn)n≥0 given by (1.1) is orthogonal
with respect to (1.4).
In Section 2, we link Conjecture 1.1 with polynomial mappings and, in Section
3, arrive at an affirmative answer.
2. A symmetric system of orthogonal polynomials
Let T̂3 and Û2 denote the monic Chebyshev polynomials of the first and second
kind, respectively, given by
T̂3(x) := x
3 − 3
4
x =
1
4
cos(3θ) , Û2(x) := x
2 − 1
4
=
1
4
sin(3θ)
sin θ
, θ = arccosx .
Proposition 2.1. Define γ0 := 0 and let (γn)n≥1 be a sequence of nonzero complex
numbers such that
γ3n + γ3n+1 =
1
2
, γ3n+2 =
1
4
,
for each nonnegative integer n. Let (Pn)n≥0 be the sequence of monic orthogonal
polynomials given by
Pn+1(x) = xPn(x)− γnPn−1(x) .
Then
P3n(x) = Qn
(
T̂3(x)
)
,
P3n+1(x) =
Qn+1
(
T̂3(x)
)
+ γ3n+1xQn
(
T̂3(x)
)
Û2(x)
,
P3n+2(x) =
xQn+1
(
T̂3(x)
)
+ 14γ3n+1Qn
(
T̂3(x)
)
Û2(x)
,
where (Qn)n≥0 is the sequence of monic orthogonal polynomials given by
Qn+1(x) = xQn(x)− 1
4
γ3n−2γ3nQn−1(x) .
Assume furthermore that γn > 0 for each positive integer n. Then (Pn)n≥0 and
(Qn)n≥0 are orthogonal polynomial sequences with respect to certain positive mea-
sures, say µP and µQ respectively. Suppose that µQ is absolutely continuous with
A PROOF OF A CONJECTURE 3
weight function wQ on [ξ, η] with −1/4 ≤ ξ < η ≤ 1/4. Then µP is also absolutely
continuous with weight function
wP (x) :=
∣∣Û2(x)∣∣wQ(T̂3(x))
on E := T̂−13
(
[ξ, η]
)
.
Proof. The proof is a straightforward application of [4, Theorem 2.1, Theorem 3.4,
and Remark 3.5], choosing therein (k,m, r) = (3, 0, 0) and
a(j)n := γ3n+j , b
(j)
n := 0 ,
for each nonnegative integer n and j ∈ {0, 1, 2}. Under these conditions, the poly-
nomials pik, θm, and ηk−1−m defined in [4, Theorem 2.1] are given by
pi3 = T̂3 , θ0 = 1 , η2 = Û2 ,
which completes the proof. 
3. Proof of Conjecture 1.1
Let w : (−1, 1)→ [4,∞) be given by
w(x) :=
1(
cos
arccosx
3
− 1
2
)√
1 + cos
arccosx
3
+
1(
cos
arccosx
3
+
1
2
)√
1− cos arccosx
3
.
Let wQ be the weight function (supported) on
[− 1/4, 1/4] defined by
wQ(x) := w(4x) , −1
4
< x <
1
4
.
We see at once that
w(cos θ)
=
1(
cos
θ
3
− 1
2
)√
1 + cos
θ
3
+
1(
cos
θ
3
+
1
2
)√
1− cos θ
3
,
=
1
2
√
2
(
sec
θ − 2pi
6
sec
θ + 2pi
6
sec
θ
6
+ sec
θ − pi
6
sec
θ + pi
6
csc
θ
6
)
, θ ∈ (0, pi) .
This allows us to show that w is an even function on (−1, 1). Moreover,
w
(
cos(3θ)
)
=
1∣∣∣∣cos θ − 12
∣∣∣∣√1 + cos θ
+
1∣∣∣∣cos θ + 12
∣∣∣∣√1− cos θ
, θ ∈ (0, pi) \{pi
3
,
2pi
3
}
.
The careful reader should carry through the details of this little calculation, ana-
lyzing the cases 0 < 3θ < pi, pi < 3θ < 2pi, and 2pi < 3θ < 3pi separately. Writing
x = cos θ, 0 < θ < pi, we obtain
∣∣Û2(x)∣∣wQ(T̂3(x)) =
∣∣x+ 12 ∣∣√
1 + x
+
∣∣x− 12 ∣∣√
1− x , −1 < x < 1 .
4 K. CASTILLO, M. N. DE JESUS, AND J. PETRONILHO
Define the linear functional L : R[x]→ R by
L[f ] :=
∫ 1/4
−1/4
f(x)wQ(x) dx =
∫ pi
0
f
(cos θ
4
)
w(cos θ) sin θ dθ .
Set ∆−1 := 1 and ∆n := det(µi+j)
n
i,j=0, where µn := L[xn] for each nonnegative
integer n. Obviously, L is positive definite (see [3, Definition 3.1, p. 13]) and,
therefore, ∆n > 0 (see [3, Theorem 3.4, p. 15]). Define
s0 := 0, sn :=
∆n∆n−2
∆2n−1
,
for each positive integer n. Since the weight function wQ is even, L is symmetric
(see [3, Definition 4.1, p. 20]). By [3, Theorem 4.2, p. 19 and Theorem 4.3, p. 21],
it follows that the sequence (Qn)n≥0 of monic orthogonal polynomials with respect
to L satisfies
Qn+1(x) = xQn(x) − snQn−1(x) .
Since the true interval of orthogonality (see [3, Definition 5.2, p. 29]) of L is
[ξ1, η1] = [−1/4, 1/4], (16 sn)n≥1 is a chain sequence by [3, Theorem 2.1, p. 108].
Thus there exists a sequence (gn)n≥0 such that (see [3, Definition 5.1, p. 91])
0 ≤ g0 < 1 , 0 < gn < 1 , 16 sn = (1− gn−1)gn ,
for each positive integer n. By [3, Theorem 5.2, p. 93] we may assume g0 = 0.
Define a sequence (γn)n≥0 as follows:
γ3n :=
1
2
gn, γ3n+1 :=
1
2
(1− gn), γ3n+2 := 1
4
.(3.1)
Clearly, this sequence satisfies (1.2) and sn = 1/4 γ3n−2γ3n for each positive integer
n. Moreover, it also satisfies (1.3). Indeed, since L is a symmetric functional,
µ2n+1 = 0 for each nonnegative integer n. Furthermore,
µ0 = L[1] =
∫ pi
0
w(cos θ) sin θ dθ = 2
√
2
and, similarly,
µ2 =
7
√
2
120
, µ4 =
107
√
2
40320
, µ6 =
835
√
2
6150144
.
Therefore,
∆0 = 2
√
2 , ∆1 =
7
30
, ∆2 =
√
2
4500
, ∆3 =
3187
476756280000
,
and so
s1 =
7
240
, s2 =
4
245
, s3 =
15935
1009008
.
Consequently, since gn = 16sn/(1− gn−1) for each positive integer n, we get
g0 = 0 , g1 =
7
15
, g2 =
24
49
, g3 =
3187
6435
.
This allows us to verify that the sequence (γn)n≥0 defined by (3.1) indeed fulfils
(1.3). Finally, Proposition 2.1 implies the truthfulness of Conjecture 1.1.
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